Inspired by experimental data, this paper investigates which isogeny classes of abelian varieties defined over a finite field of odd characteristic contain the Jacobian of a hyperelliptic curve. We provide a necessary condition by demonstrating that the Weil polynomial of a hyperelliptic Jacobian must have a particular form modulo 2. For fixed g ≥ 1, the proportion of isogeny classes of g dimensional abelian varieties defined over F q which fail this condition is 1 − Q(2g + 2)/2 g as q → ∞ ranges over odd prime powers, where Q(n) denotes the number of partitions of n into odd parts.
Introduction
The question of which abelian varieties arise as Jacobians of curves has a long and rich history. It has classically been investigated over the complex numbers as the Schottky Problem, using techniques from differential geometry and Hodge theory. In positive characteristic, some of these tools are no longer available, but instead the Frobenius endomorphism becomes a formidable weapon.
In this article, we study g dimensional abelian varieties which are defined over a finite field F q of odd cardinality. The F q -isogeny class of such an abelian variety A is uniquely determined by the characteristic polynomial of its Frobenius endomorphism. This polynomial is called the Weil polynomial of the abelian variety and has the following form: Z A (t) = t 2g + a 1 t 2g−1 + · · · + a g−1 t g+1 + a g t g + a g−1 qt g−1 + · · · + a 1 q g−1 t + q g ∈ Z[t]
Given Z A (t), one would like to to determine if the isogeny class of A contains the Jacobian of a smooth curve over F q .
In genus one, the problem is straightforward, as every one dimensional abelian variety is an elliptic curve, which is isomorphic to its Jacobian. For genus two, the problem was solved by Howe, Nart, and Ritzenthaler [HNR09] who give an explicit classification using only elementary restrictions involving the integers a 1 , a 2 , and q. Their method relies on three key facts:
(1) the Jacobian of a curve is canonically principally polarized;
(2) a principally polarized abelian surface is isomorphic to exactly one of the following: a Jacobian of a genus two curve, a product of two elliptic curves, or the restriction of scalars of an elliptic curve from a quadratic extension of the ground field; (3) every genus two curve is hyperelliptic. In particular, they take advantage of the canonical involution associated with any genus two curve.
Solving this problem in higher genus appears to be significantly more complicated. For example, every curve of genus three is isomorphic to either a hyperelliptic curve or to a smooth plane quartic curve. Curves of the latter type generically do not possess any nontrivial automorphisms, so the arguments of Howe, Nart and Ritzenthaler for genus two cannot easily be extended to non-hyperelliptic genus three curves.
In this paper, we focus on a more accessible question, namely, whether a given isogeny class of abelian varieties contains the Jacobian of a hyperelliptic curve. We do this by studying the putative geometric configurations of the Weierstrass points of hyperelliptic curves, as is done in the g = 2 case, e.g., [MN02, Appendix] . In doing so, we obtain parity conditions on the coefficients of the Weil polynomials which prevent certain isogeny classes from containing the Jacobian of a hyperelliptic curve. For instance, in genus three we obtain: Theorem 2.7. Let q be an odd prime power. The isogeny classes of three dimensional abelian varieties corresponding to Weil polynomials of the form t 6 + a 1 t 5 + a 2 t 4 + a 3 t 3 + qa 2 t 2 + q 2 a 1 t + q 3 with a 2 ≡ 0 (mod 2) and a 3 ≡ 1 (mod 2) do not contain the Jacobian of a hyperelliptic curve over F q .
In fact, we can perform the same analysis for abelian varieties of any dimension. Indeed, we demonstrate that the Weil polynomial of the Jacobian of a hyperelliptic curve of genus g over a finite field of odd characteristic must be congruent modulo 2 to a polynomial of the
where 2g + 2 = d 1 + · · · + d r is a partition. We call a Weil polynomial admissible if it takes this form modulo 2, and inadmissible otherwise. Notice that it is easy to test whether a polynomial is admissible by explicitly trying all possible partitions, and an isogeny class is guaranteed to not contain a hyperelliptic Jacobian if its Weil polynomial is inadmissible. By using asymptotic results on the number of Weil polynomials of a fixed degree whose coefficients lie in prescribed congruence classes modulo an integer, it is possible to determine the asymptotic proportion of isogeny classes with admissible, or inadmissible, Weil polynomials. Theorem 3.3. Let c(q, g) be the proportion of isogeny classes of g dimensional abelian varieties over F q with admissible Weil polynomial. For any g ≥ 2 we have lim q→∞ c(q, g) = Q(2g + 2) 2 g , as q ranges over odd prime powers, where Q(2g + 2) is the number of partitions of 2g + 2 into distinct parts.
For comparison, notice that for fixed g > 6, it is possible to see by simply counting the number of isogeny classes of g dimensional abelian varieties over F q versus the number of hyperelliptic curves of genus g over F q that actually 0% of g dimensional abelian varieties over F q contain a hyperelliptic Jacobian as q → ∞ ranges over odd prime powers. However, this counting argument does not provide a way to identify which isogeny classes do or do not contain a hyperelliptic Jacobian. In contrast, for any fixed g ≥ 1, any isogeny class with an inadmissible Weil polynomial is explicitly known to not contain a hyperelliptic Jacobian. Rephrasing the theorem above for fixed g > 6, the proportion of isogeny classes of g dimensional abelian varieties over F q which do not contain a hyperelliptic Jacobian but are not found by testing for inadmissible Weil polynomials is Q(2g + 2)/2 g as q → ∞ ranges over odd prime powers, and this discrepancy approaches zero as g grows.
The outline of the paper is as follows. In Section 2, we recall some results on the geometry of hyperelliptic curves and their Jacobians and prove Theorem 2.7 and its generalizations to higher genus. In Section 3, we study asymptotic consequences of these non-existence results, deriving Theorem 3.3. In Section 4, we determine restrictions on point counts of curves, allowing us to reprove Theorem 2.7 by elementary methods. Finally, in Section 5, we present experimental data on the optimality of our results.
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Weil polynomials mod 2
Let C be a hyperelliptic curve of genus g defined over F q (of characteristic p = 2) with canonical degree two map π: C → P 1 . Let W := {α 1 , α 2 , . . . , α 2g+2 } be the support of ramification divisor of π, i.e., the geometric Weierstrass points of C. The F q -Frobenius endomorphism Frob acts on W by permuting its elements; we denote the cardinalities of the orbits of this action by d i . (Alternatively, W consists of some number, r, of F q -points with respective degrees d i , where d 1 + · · · + d r = 2g + 2.)
The multiset d C := {d i } forms a partition of the integer 2g + 2; we call this the degree set of the curve C, and by convention we order the d i so that d 1 ≤ d 2 ≤ · · · ≤ d r .
Explicitly, C can be given in coordinates by y 2 = f (x), where f is a squarefree polynomial of degree either 2g + 1 or 2g + 2. Then W consists of the points (α, 0), where α runs over the roots of f , together with the point at infinity if deg(f ) = 2g + 1. Then the d i are precisely the degrees of the irreducible factors of f , along with an extra 1 in the case deg(f ) = 2g + 1.
Remark 2.1. If q is small compared to the genus, not all partitions of 2g+2 may arise as degree sets of genus g hyperelliptic curves, due to the finite number of irreducible polynomials of any fixed degree in F q [x]. For example, if 2g +2 > q +1, then the partition 2g +2 = 1+· · ·+1 cannot be realized, as there are not enough F q -points for C to ramify over.
Let J denote the Jacobian variety of C whose elements are degree-zero divisors on C modulo linear equivalence. Then the group J[2] of (geometric) 2-torsion of J is an F 2 -vector space that admits the following explicit description.
Lemma 2.2. The group J[2] of 2-torsion elements of J forms a 2g dimensional vector space over F 2 . Explicitly, this group can be expressed as the vector space obtained from F 2g+2 2 by considering all vectors with an even number of non-zero entries and forming the quotient by
(1, 1, . . . , 1) .
Proof. The first claim follows since p = 2. For the second, we argue as follows, cf. [Mum07, Corollary 2.11]. Every element of J[2] can be explicitly represented either by a divisor
if the map π: C → P 1 is ramified at infinity, in which case the symbol ∞ slightly abusively denotes π −1 (∞) ∈ C, or by a divisor
Either way, the set U ⊆ W is a subset of even cardinality, and two divisors, e U and e U , represent the same element of J[2] if either U = U or U = W \ U . In the F 2 -vector space V whose standard basis is indexed by W , the above set of representatives determine the subspace of vectors with an even number of non-zero entries. Two vectors v 1 , v 2 ∈ V yield the same element of J[2] precisely when their sum is contained in (1, 1, . . . , 1) . The second claim follows.
We will also need the following standard fact about vector spaces, whose proof is omitted.
Lemma 2.3. Consider an exact sequence of vector spaces
and a linear map T : W 2 → W 2 such that T (W 1 ) ⊆ W 1 . We will also denote the induced map
Denote the base-change of C (resp. J) to F q by C alg (resp. J alg ). Exploiting the action of Frob on the geometric Weierstrass points W , we obtain the following result on the characteristic polynomial of Frob modulo 2.
Proposition 2.4. Let C be a hyperelliptic curve of genus g defined over F q . Let {d i } r i=1 be the partition of 2g + 2 which records the sizes of the orbits of Frobenius acting on the 2g + 2 geometric Weierstrass points. For any prime = p we have
Proof. We have (cf. [Mil86, Corollary 9.6]) that
where V (J) = T (J) ⊗ Z Q , and where T (J) is the -adic Tate module of J. By the Weil conjectures the polynomials above all have integer coefficients. By taking = 2, we further have
) (mod 2). As before, consider the F 2 -vector space W 2 := F 2g+2 2 whose standard basis is indexed by W and which is acted on by the F q -Frobenius endomorphism Frob. By assumption, the action of Frob on W 2 can be represented by a block-diagonal matrix with r blocks, whose ith block (of order d i ) is a cyclic permutation of basis vectors. Since the characteristic polynomial of a cyclic permutation of order n is t n − 1, it follows that
Furthermore, let W 1 be the codimension-one subspace of vectors with an even number of non-zero entries. Then W 1 is stable under Frob. Moreover, Frob acts invertibly on W 1 and hence also on the one dimensional quotient W 3 := W 2 /W 1 , so that χ(Frob, W 3 ) = t − 1. Applying Lemma 2.3 to the short exact sequence 0
Now let W 4 be the one dimensional subspace of (1, 1, . . . , 1) ⊆ W 1 and define 
Since, by Lemma 2.2, Frob acts on W 5 as it does on J[2], the result follows.
Definition 2.6. We call any polynomial of the form (2.5) an admissible Weil polynomial modulo 2. Note that the notion of admissibility is independent of q.
By applying Proposition 2.4 to all possible partitions of 8 we obtain our main theorem.
Theorem 2.7. Let q be an odd prime power. The isogeny classes of three dimensional abelian varieties corresponding to Weil polynomials of the form
with a 2 ≡ 0 (mod 2) and a 3 ≡ 1 (mod 2) do not contain the Jacobian of a hyperelliptic curve over F q .
Proof. For each of the twenty-two partitions {d i } of 2g+2 = 8, we compute the corresponding polynomial r i=1 (t d i − 1)/(t − 1) 2 . By Proposition 2.4, these are all of the admissible Weil polynomials modulo 2 for Jacobians of hyperelliptic curves of genus three. In Table 2 .8, we tabulate the coefficients (a 1 , a 2 , a 3 ) of the resulting Weil polynomials modulo 2 with the corresponding partitions {d i }.
Coefficients (a 1 , a 2 , a 3 ) (mod 2) Partition of 8 (0, 1, 1) Table 2 .8. Weil coefficients modulo 2 and corresponding partitions for threefolds.
Although Theorem 2.7 only considers the case of three dimensional abelian varieties, Proposition 2.4 applies much more generally. Indeed, for any g ≥ 1, we can produce a list of admissible Weil polynomials modulo 2 for Jacobians of hyperelliptic curves of genus g, independent of q. The following result counts the number of admissible polynomials in terms of partitions.
Proposition 2.9. The number of admissible Weil polynomials modulo 2 for Jacobians of hyperelliptic curves of genus g over finite fields of odd characteristic is equal to Q(2g +2), the number of partitions of 2g + 2 into distinct parts, or equivalently, the number of partitions of 2g + 2 into odd parts.
Proof. It is well-known that the number of partitions of 2g + 2 into distinct parts is equal to the number of partitions of 2g + 2 into odd parts; see [NZM91, Theorem 10.2]. For the remainder of this proof, our perspective will focus on partitions into distinct parts.
Proposition 2.4 shows how to compute admissible Weil polynomials modulo 2 using partitions, although many different partitions can correspond to a single admissible polynomial. For the purposes of this proof, we will call two partitions {d 1 , . . . , d r } and {e 1 , . . . , e s } of an integer n equivalent if
(t e j − 1) (mod 2).
Using Equation (2.5), it suffices to prove that every equivalence class of partitions of 2g + 2 contains precisely one partition with distinct parts.
Observe that every partition of 2g + 2 is equivalent to a partition with distinct parts. Indeed, if {d 1 , . . . , d r+1 } is any partition of 2g + 2 where d r = d r+1 , then we can construct another partition {d 1 , . . . , d r−1 , d r } with d r = 2d r . These two partitions are equivalent since t 2dr − 1 ≡ (t dr − 1) 2 mod 2. Thus by induction on the number of equal parts, we conclude that every admissible Weil polynomial modulo 2 arises as a partition of 2g + 2 into distinct parts.
Now suppose that {d 1 , . . . , d r } and {e 1 , . . . , e s } are two equivalent partitions of 2g + 2 into distinct parts. Without loss of generality, we order the parts so that d 1 and e 1 are the smallest parts of their respective partitions. After expanding the polynomials above, we see that the non-constant monomials of smallest degree are t d 1 and t e 1 , respectively. This implies that d 1 = e 1 , hence {d 2 , . . . , d r } and {e 2 , . . . , e s } are equivalent partitions of 2g + 2 − d 1 . Thus by induction on r, we conclude that two equivalent partitions of 2g + 2 into distinct parts are equal.
Remark 2.10. In contrast with Remark 2.1, every admissible Weil polynomial mod 2 is realized for each q. Since there is at least one irreducible polynomial of every degree, we can construct a hyperelliptic curve ramified at points of degree d i , where {d i } is the partition of 2g + 2 into distinct parts.
In Table 2 .11, we tabulate the number of admissible and inadmissible Weil polynomials modulo 2 for Jacobians of hyperelliptic curves, i.e., the numbers Q(2g +2) and 2 g −Q(2g +2).
Asymptotics
The results in the previous section show that an isogeny class cannot contain a hyperelliptic Jacobian if the coefficients of the corresponding Weil polynomial satisfy a certain parity condition. Therefore, it is natural to ask how many Weil polynomials satisfy any given parity condition, or more generally, how many Weil polynomials are congruent to a given fixed polynomial of the correct form modulo an integer m. The following theorem answers this question asymptotically for abelian varieties of fixed dimension.
Theorem 3.1. Let g ≥ 2 and m be fixed integers, and let f (t) ∈ Z[t] be a fixed polynomial of the form f (t) = t 2g + a 1 t 2g−1 + · · · + a g−1 t g+1 + a g t g + a g−1 qt g−1 + · · · + a 1 q g−1 t + q g .
For a prime power q coprime to m, write e f,m (q, g) for the proportion of isogeny classes of g dimensional abelian varieties over F q whose Weil polynomial is equivalent to f (x) modulo m.
Then lim q→∞ e f,m (q, g) = 1 m g , where the limit is taken over all prime powers q coprime to m.
Proof. This is essentially a theorem of Holden [Hol04, Theorem 5], although we present a slightly more general statement here. Specifically, Holden's theorem only considers the case when m = is a prime, and the limit is taken over q = p r for a single fixed prime p. However, the more general version of the theorem presented above is obtained immediately from Holden's methods, as follows. Denote by I(q, g) the number of isogeny classes of g dimensional abelian varieties over F q and write I f,m (q, g) for the number of such isogeny classes whose Weil polynomial is congruent to f (x) modulo m. With this notation we may write e f,m (q, g) = 
where v g is a constant depending g, and c(g, m) is a constant depending on both g and m, and r(q) = ϕ(q)/q, where ϕ denotes Euler totient function. Letting q → ∞, the theorem follows.
Recall that, in light of Theorem 2.7 and Proposition 2.9, we say that the Weil polynomial of an isogeny class of g dimensional abelian varieties is admissible if it is congruent modulo 2 to a polynomial of the form r i=1 (t d i −1)/(t 2 −1) ∈ F 2 [t] for some partition 2g+2 = d 1 +· · ·+d r , and is inadmissible otherwise. By combining Theorems 2.7 and 3.1, we obtain the following corollary. More generally, by combining Theorem 2.7 and Proposition 2.9, we can determine the proportion of isogeny classes of g dimensional abelian varieties over F q with admissible Weil polynomials in terms of the number of partitions of 2g + 2 into distinct parts. as q ranges over odd prime powers, where Q(2g + 2) is the number of partitions of 2g + 2 into distinct parts.
Proof. By Proposition 2.9, we know there is a set of polynomials S = {f 1 , . . . , f Q(2g+2) } such that the Weil polynomial of the Jacobian of a hyperelliptic curve of genus g over any finite field of odd characteristic is equivalent modulo 2 to some polynomial in S. Thus, the result follows immediately from Theorem 3.1.
Remark 3.4. For fixed g ≥ 2, the number of isogeny classes of g-dimensional abelian varieties over F q and the number of hyperelliptic curves of genus g over F q are asymptotically bounded by q g(g+1)/4 and q 2g−1 , respectively, as q → ∞ ranges over odd prime powers; see [DH98, Theorem 1.1], and [Nar09, Table 1 , Corollary 3.4]. For g > 6, this means that asymptotically 0% of the isogeny classes of g-dimensional abelian varieties over F q contain a hyperelliptic Jacobian as q → ∞ ranges over odd prime powers. Comparing this reality to Theorem 3.3, we see that the proportion of isogeny classes of g-dimensional abelian varieties that have an admissible Weil polynomial but still do not contain a hyperelliptic Jacobian is Q(2g+2) 2 g as q → ∞. Notice that this discrepancy gets smaller as g grows. Indeed, Figure 1 .9], so it follows that Q(2g+2)
Point counts
In Section 2 we determined restrictions modulo 2 for Weil polynomials of hyperelliptic Jacobians. These Weil polynomials govern the point counts of the corresponding hyperelliptic curve C/F q over all extensions of F q . In this section, we determine 2-adic restrictions on the point counts of hyperelliptic curves over extensions of F q by more elementary means. Rather than studying the action of Frobenius on J[2], we study its action on the Weierstrass points of the curve directly. In particular, this provides an alternative proof of Theorem 2.7. 4.1. Restrictions on parity of point counts. As before, let q be an odd prime power, C/F q be a hyperelliptic curve of genus g > 1. Recall that we denote the support of the ramification divisor by W and we denote by {d i } a partition of 2g + 2, corresponding to the decomposition of W into Frobenius orbits. We begin with the following observations on the point counts of C over extensions of F q .
Lemma 4.1. For each n ≥ 1, we have #W (F q n ) = i:d i |n d i .
Proof. A point of degree d contributes d F q n -points if d|n, and none otherwise.
Lemma 4.2. For each n ≥ 1, we have #C(F q n ) ≡ #W (F q n ) (mod 2).
Proof. The F q n -points of W are precisely the F q n -points of C that are fixed by the hyperelliptic involution. Since all other points appear in pairs, it follows that #C(F q n ) ≡ #W (F q n ) (mod 2).
Corollary 4.3. For each n ≥ 1, we have #C(F q n ) ≡ #C(F q 2n ) (mod 2).
Proof. The numbers n and 2n share the same set of odd divisors, therefore by Lemmas 4.1 and 4.2
Corollary 4.4. For each n, we have n · #{i :
where µ is the Möbius function.
Proof. Using Lemma 4.1 we can restate Lemma 4.2 as #C(F q n ) ≡ d|n d · #{i : d i = d} (mod 2).
The result follows by applying Möbius inversion.
Remark 4.5. For C as above, consider the binary sequence a C (n) := #C(F q n ) (mod 2). Lemma 4.2 and Corollary 4.4 imply that a C determines, and is determined by, the numbers n · #{i : d i = n} (mod 2) for all n. These numbers are encoded in the degree set d C ; they tell us the parity of #(i : d i = n) when n is odd, and give no information when n is even.
More precisely, Lemma 4.2 and Corollary 4.4 give us a dictionary between the sequence a C of parities of point counts and the set {d : d is odd and appears an odd number of times in d C }. This is consistent with Proposition 2.9. This is already enough to prove that some sequences of point count parities are inconsistent with the identity d i = 2g + 2. For example:
Lemma 4.6. If the genus of C is 3, then we cannot have #C(F q ) ≡ 0, #C(F q 3 ) ≡ 1, and #C(F q 5 ) ≡ 0 (mod 2).
Proof. If such a curve C existed, Corollary 4.4 implies that #{d i = 1} is even, #{d i = 3} is odd, and #{d i = 5} is even. Thus #{d i = 3} = 1 and #{d i = 5} = 0, which contradicts #{d i = 1} being even.
4.2.
Restrictions on point counts modulo powers of 2. We have just seen some restrictions on the point counts modulo 2 of hyperelliptic curves. In this section we will obtain further restrictions modulo higher powers of 2. Fix an integer m ≥ 1. Let G be the group {±1} × Gal(F q 2 m /F q ) of order 2 m+1 . This acts on the F q 2 m -points of C, where the first factor acts by the hyperelliptic involution and the second by field automorphisms. We will study #C(F q 2 m ) (mod 2 m+1 ) by examining the orbits of the action of G.
Proposition 4.7. For a C be a genus g hyperelliptic curve over F q we have
where n = 2 a · m ≥ 1 with m odd.
Proof. We will count the F q n -points of C by considering the fibers of the hyperelliptic map π: C(F q n ) → P 1 (F q n ). If x ∈ P 1 (F q n ), then π −1 (x) can be computed by extracting the square roots of f (x), where f is a polynomial of degree 2g +1 or 2g +2. Accordingly, π −1 (x) contains either zero, one, or two F q n -points, and a preimage of size one occurs if and only if x ∈ W . Further, if n is even and x is defined over F q n/2 (equivalently, if its degree is not divisible by 2 a ), then the preimage must have size two, since quadratic equations y 2 = f (x) over F q n/2 can be solved over F q n . Thus, the preimage may have size zero only if the degree of x is divisible by 2 a . In this case, the Galois orbit of x has size divisible by 2 a , so if there are F q n -points above x, they occur in an orbit whose size is divisible by 2 a+1 . Hence, to count modulo 2 a+1 , we may assume that all unramified F q n -points of P 1 have exactly two preimages defined over F q n , and subtract the number of F q n -points of W to obtain the result.
As with Proposition 2.4, this implies that certain sequences of point counts of hyperelliptic curves (equivalently, certain Weil polynomials of their Jacobians) cannot be realized.
Corollary 4.8. Assume that the genus of C is 3. If #C(F q ) ≡ 1 (mod 2) and #C(F q 3 ) ≡ 0 (mod 2), then we have #C(F q 2 m ) ≡ −1 (mod 2 m+1 ) for all m ≥ 1.
Proof. Since #C(F q ) is odd, we have that #{d i = 1} is odd by Lemma 4.2. Analogously, since #{d i = 1} is odd and #C(F q 3 ) is even, it follows that #{d i = 3} is odd and hence must equal one. Altogether, we have d j = 3 for a unique j and d j ∈ {1, 2, 4} for j = j.
Hence # k≥1 W (F q 2 k ) = 5, and so #W (F q 2 m ) ≡ 5 (mod 2 m+1 ). The result follows by applying Proposition 4.7 to n = 2 m , since we have q 2 m ≡ 1 (mod 2 m+1 ) for q odd. 4.3. Reproving Theorem 2.7. The results in the previous subsections can be used to reprove Theorem 2.7 as follows:
Alternative proof of Theorem 2.7. Suppose that the statement is false, so that there is some hyperelliptic curve C of genus three whose Jacobian has the prescribed Weil polynomial. By using Newton's formulae and [Mil86, Theorem 11 .1], we can write the point counts #C(F q k ) in terms of the coefficients of the Weil polynomial for all k ≥ 1, as follows: #C(F q ) = q + 1 + a 1 ; #C(F q 2 ) = q 2 + 1 − a 2 1 + 2a 2 ; #C(F q 3 ) = q 3 + 1 + a 3 1 − 3a 1 a 2 + 3a 3 ; #C(F q 4 ) = q 4 + 1 − a 4 1 + 4a 2 1 a 2 − 4a 1 a 3 − 2a 2 2 + 4qa 2 ; #C(F q 5 ) = q 5 + 1 + a 5 1 − 5a 3 1 a 2 + 5a 1 a 2 2 − 5qa 1 a 2 − 5a 2 a 3 + 5q 2 a 1 . We will complete our proof by showing that the restrictions a 2 ≡ 0 (mod 2) and a 3 ≡ 1 (mod 2) on the coefficients force the point counts to fall into the impossible cases listed in the lemmas above. First consider the case when a 1 ≡ 0 (mod 2). Expanding the equations above leads to #C(F q ) ≡ 0 (mod 2), #C(F q 2 ) ≡ 2 (mod 4),
#C(F q 5 ) ≡ 0 (mod 2). In particular, Lemma 4.6 applies, and we reach a contradiction. Now assume that a 1 ≡ 1 (mod 2). The analogous computation gives
Corollary 4.8 applies, and we again reach a contradiction.
Remark 4.9. The argument above can be automated, and by iterating over partitions of 2g + 2, and applying Proposition 4.7, one can rule out Weil polynomials modulo 2, as in Proposition 2.9. We have verified that both sets agree up to genus g ≤ 10; indeed, we expect both sets to match for any g. For small genus g, using the Newton identities, we can prove that there is bijection between the Weil polynomial modulo 2 and {#C(F q 2 a ·m ) (mod 2 a+1 )}, using the notation in Proposition 4.7; however, we are unable to prove this for general g.
Experimental data
The main results of this paper were inspired by experimental data, which we include here to illustrate the phenomena. By performing an exhaustive search, the number of Jacobians of hyperelliptic curves in each isogeny class over F q (up to isomorphism of principally polarized abelian varieties) has been computed for threefolds and prime powers q ≤ 13 that are either prime or odd. Similarly, by iterating over the isomorphism classes of smooth plane quartic curves, the number of isogeny classes of abelian threefolds which contain the Jacobian of a smooth plane quartic curve has been computed for q = 2, 3, and 5. Both searches were done by Andrew Sutherland using the techniques developed in [KS08, KS16] , and the data have been incorporated in the L-functions and Modular Forms Database [LMF19]; see www.LMFDB.org/Variety/Abelian/Fq/.
By combining these data sets, one can also deduce which isogeny classes of abelian threefolds do not contain a Jacobian for q = 2, 3, and 5, see Table 5 .1. These data sets, and more precisely the multisets of virtual point counts modulo 2 and 4 that can be extracted from this data, provide motivation for Theorem 2.7. Jacobian but are not ruled out by Theorem 2.7 are given by the following Weil polynomials, cf. isogeny classes 3.3.a ab ac and 3.5.ac j aw on the LMFDB [LMF19]:
Z 1 (t) = t 6 − t 4 − 2t 3 − 3t 2 + 27, Z 2 (t) = t 6 − 2t 5 + 9t 4 − 22t 3 + 45t 2 − 50t + 125.
In fact, neither isogeny class contains the Jacobian of any curve. These isogeny classes correspond to the row of Table 2 .8 with the most partitions. In Table 5 .3, we present the number of isogeny classes which are ruled out by Theorem 2.7, for 17 ≤ q ≤ 31. The data show that the proportion of isogeny classes ruled out by Theorem 2.7 quickly approaches 25%, as expected; see Corollary 3.2. Furthermore, naive extrapolation seems to indicate that the proportion of isogeny classes of abelian threefolds over F q which do not contain a hyperelliptic Jacobian approaches 25% from above as q → ∞ ranges over odd prime powers, while the proportion of the isogeny classes that are ruled out via Theorem 2.7 approaches 25% from below. Similarly, in Tables 5.4 and 5.5 we display the number of isogeny classes which cannot contain a hyperelliptic Jacobian by Proposition 2.4, and as before, we observe proportions which are already very close to the ones attained in the q-limit; see Corollary 3.2. Table 5 .5. Isogeny classes ruled out by Proposition 2.4 in genus 5 and small q.
To generate Tables 5.3, 5.4 and 5.5, we enumerated all isogeny classes through their Weil polynomials: First, we enumerated Weil polynomials of degree 2g, and then we filtered by the Honda-Tate condition on its factors, see [Wat69, Chapter 2], to only keep the ones that correspond to an isogeny class of abelian varieties of dimension g. We enumerated Weil polynomials using root-unitary 1 , which implements the techniques introduced in [Ked08] .
